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Abstract
The Hamiltonian system of general relativity and its quantization without any matter or gauge
fields are discussed on the basis of the symplectic geometrical theory. A symplectic geometry of
classical general relativity is constructed using a generalized phase space for pure gravity. Prequan-
tization of the symplectic manifold is performed according to the standard procedure of geometrical
quantization. Quantum vacuum solutions are chosen from among the classical solutions under the
Einstein–Brillouin–Keller quantization condition. A topological correction of quantum solutions,
namely the Maslov index, is realized using a prequantization bundle. In addition, a possible mass
spectrum of Schwarzschild black holes is discussed.
1 Introduction
In early studies of quantum mechanics, the Bohr–Sommerfeld quantum condition played an important
role in the selection of quantum states of classical systems with periodic motion. Quantum theories
appearing before the establishment of modern quantum mechanics are referred to as the old quantum
mechanics. They not only provide calculation tools for microscopic systems but also assist physicists
in finding/understanding the entity of quantum mechanics. The Bohr–Sommerfeld quantum condition
was initially applied to a single-body problem such as a hydrogen atom. For a multi-body problem, this
method can be independently applied to each variable after variable separation[1, 2], if possible. Further
extension of this method to a non-variable-separation type of problem was proposed by Einstein[3] and
Brillouin[4], and an essential improvement was presented by Keller[5, 6]. This method is now referred to
as the Einstein–Brillouin–Keller (EBK) quantization method. The EBK quantization method was further
refined by mathematicians using symplectic geometry[7, 8], in which a topological index, which was first
introduced owing to physical considerations by Keller, is defined as a generator of the first cohomology
of the stable Lagrangian-Grassmanian with integer coefficients (see, for example, Ref.[9]). The EBK
quantization method remains under investigation to date. For example, the relationship between the
EBK method and the Heisenberg matrix mechanics has been discussed in Ref.[10] and some elucidative
examples of the method have been provided in Ref.[11]. The EBK quantization method has also been
used to analyze quantum chaos[12, 13]. In this paper, we propose a new application of this method to a
space-time manifold under general relativity.
We focus on the applications of the EBK quantization method to general relativity. The EBK quan-
tization method requires discretization of the action integral represented using symplectic forms, and
the ground state of a discretized system is given according to the topological structure of an integration
region, i.e. the so-called Maslov index[7, 14]. First, general relativity is cast into the symplectic formal-
ism for the application of EBK quantization. The symplectic formalism of general relativity has been
discussed by many authors[15, 16, 17, 18, 19, 20, 21, 22, 23, 24, 25, 26, 27]. In contrast to, for example,
the method proposed by Ashteka[21, 28], our formalism does not employ a (3 + 1)-decomposition and
treats all space time directions equally. Therefore, the GL(4) symmetry of the theory is apparent in our
method. The Maslov index appearing in the EBK quantization of general relativity is identified as a
characteristic class (the second Chern class) of a space time manifold given as a solution to the Einstein
equation. This characteristic class is induced by a principal bundle with the co-Poincare´ group[29] as
a structural group. The co-Poincare´ group is a novel symmetry introduced in a previous work by the
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author. In the present study, the integral value of the Maslov index is ensured using the Chern–Weil
theory[30, 31, 32].
In this study, the EBK quantization of general relativity is developed as follows. First, Section 2
introduces a completelyGL(4)-covariant Hamiltonian formalism of general relativity in a four-dimensional
space-time manifold using a method similar to the deDonder–Weyl Hamiltonian theory[33, 34, 35]. In
addition, a canonical pair of phase-space variables is determined owing to the introduced Hamiltonian
formalism. Section 3 proves the main theorem of this study (Theorem 3.2), which states that the
above-mentioned canonical pair has a symplectic structure and forms a symplectic manifold. The first
objective of this study is to prove Theorem 3.2. Owing to the symplectic structure of general relativity
provided here, a standard method of geometrical quantization can be applied to the canonical pair of
general relativity.
Next, Section 4 discusses the geometrical quantization of general relativity. According to the stan-
dard procedure of geometrical quantization, a Legendre submanifold and a prequantization bundle are
introduced. In particular, a contact manifold is introduced using a symplectic manifold immersed in a five-
dimensional manifold; then, a Legendre submanifold is obtained as a submanifold of the contact manifold
restricted by vacuum solutions of the Einstein equation. Further, a prequantization manifold is intro-
duced on the Legendre submanifold. Prequantization is the process of constructing an n-dimensional
Hilbert space on an 2n-dimensional symplectic manifold; this reduction of dimensionality is called a
“polarization”. The last step of geometrical quantization is to construct a Hermitian operator on the
above-mentioned Hilbert space. The last step is not considered in this study; instead, EBK quantization
is introduced in Section 5.
EBK quantization is a method that gives approximated quantum states from the classical solutions
of a given system. The second and main objective of this study is to establish a mathematically rigorous
and computable EBK quantization condition of general relativity. The quantization condition proposed
herein can be considered as a type of physical conjecture, because a complete quantum gravitation theory
is not known to exist at present; hence, it is possible to immediately judge whether this quantization
condition chooses the correct quantum state. In the future, this conjecture should be evaluated through
experiments or observations. In addition, an EBK quantization criterion is applied to a vacuum solution
of the classical Einstein equation, and an energy spectrum and the ground state of a Schwarzschild black
hole are extracted in Section 5. Finally, Section 6 summarizes geometrical quantization and its application
to general relativity.
Note that this study discusses only pure gravity without the cosmological constant or gauge/matter
fields.
2 Preliminaries
This section presents the terminologies and notations of differential geometry and classical general rela-
tivity used in the present study. We primarily (but not completely) follow the terminologies and notations
employed in Refs.[36, 37].
2.1 Classical general relativity
A four-dimensional smooth pseudo-Riemannian manifold (M , g) is considered, where M is a manifold
with GL(4) and g is a metric tensor in M . The determinant of the metric tensor is assumed to be
negative. A local frame field in an open neighbourhood Up ⊂ M at p ∈ Up is represented as xµ(p).
Orthonormal bases in TpM and T
∗
p M are introduced as ∂µ and dx
µ(p), respectively. The abbreviation
∂µ := ∂/∂x
µ(p) is used throughout this study. Spaces of rank-q tensors (q = 0, 1, 2, · · · ) on trivial tangent
space TM :=
⋃
p TpM and cotangent space T
∗M :=
⋃
p T
∗
p M are denoted as V
q(TM ) and Ωq(T ∗M ),
respectively. Bases associated with trivial tangent and cotangent bundles, ∂µ and dx
µ respectively, are
referred to as the trivial bases hereafter. Riemannian manifold (M , g) is referred to as a global manifold.
Local manifold (Mp,η) with Poincare´ symmetry ISO(1, 3) = SO(1, 3) ⋉ T 4 can be found at any
point p ∈ M , where T 4 is a four-dimensional translation group. This expression is known as the Einstein
equivalence principle in physics, and Mp is identified as the local inertial system in physics. Trivial
bundle M := ⋃pMp is considered as the principal bundle of M with a Poincare´ group as a structural
group. Metric tensor diag[η] = (1,−1,−1,−1) is exploited in this study. In addition, tangent space
TM := ⋃p TpM and cotangent spaces T ∗M := ⋃p T ∗pM are introduced. A map E : (M , g) → (M,η) :
2
g 7→ η is represented using a trivial basis on any chart of M as
ηab = Eaµ1(p)Ebµ2(p)gµ1µ2(p),
where ηab = [η]ab and gµν = [g]µν are the metric tensors on M and M , respectively. The Einstein
convention for repeated indices is used throughout this study. Function Eaµ(p) = [E ]aµ(p) is referred to as
the vierbein. In our representation, base manifolds of tensors are distinguished by component indices,
i.e. Greek suffixes in M and Roman suffixes in M.
Owing to homomorphism T ∗M ∼= T ∗M, differential form a ∈ Ωq(T ∗M) and its pull-back E♯a ∈
Ωq(T ∗M ) are equated to each other and simply denoted as a ∈ Ωq1. Orthonormal base vectors in
TM and T ∗M can be obtained from those in TM and T ∗M as ∂a := Eµa ∂µ and ea := Eaµdxµ, where
Eµa := [E−1]µa . Base vectors ea are referred to as the vierbein form, i.e. e ∈ V 1(TM) ⊗ Ω1. Spin
form w ∈ so(1, 3) ⊗ Ω1(T ∗M) is introduced as a connection-valued one-form in T ∗M , which satisfies
wtη + ηw = 0. The spin form can be represented using a trivial basis as wab = ω aµ c η
cbdxµ, where
ω aµ c := [w]
a
µ c, and it is antisymmetric as w
ab = −wba. We note that the spin form is not a tensor in
TM. A SO(1, 3)-covariant derivative for q-form a ∈ Ωq is defined using the spin form as
dwa := da+ w ∧ a+ (−1)q+1a ∧w.
A direct calculation can show that dwa is transformed as a rank-q tensor under SO(1, 3) transformations.
Torsion two-form Ta can be defined as the covariant derivative of the vierbein form as follows:
Ta(e,w) := dwe
a = dea +wa◦ ∧ e◦.
Hereafter, dummy Roman indices are often abbreviated to a small circle (or a star) when the dummy
index pair of the Einstein convention is obvious, such as the definition of the torsion form, and this
notation is used throughout this study. By contrast, dummy Greek indices are not abbreviated. When
multiple circles appear in an expression, the pairing must be from left to right for both the upper and
the lower indices, e.g. a four-dimensional volume form can be written as
v :=
1
4!
ǫ◦◦◦◦e
◦ ∧ e◦ ∧ e◦ ∧ e◦ = 1
4!
ǫabcde
a ∧ eb ∧ ec ∧ ed,
where ǫabcd is a completely antisymmetric tensor (the Levi-Civita tensor) whose component is ǫ0123 = 1
in TM. We note that there are two constant-valued tensors in TM, namely the metric tensor η and the
Levi-Civita tensor ǫ, and they have no constant value in TM . A two-dimensional surface form is defined
as Sab :=
1
2ǫab◦◦e
◦ ∧ e◦, which is a two-dimensional surface perpendicular to both ea and eb. A curvature
two-form is defined as
Rab(dw,w) := dwab +wa◦ ∧w◦b.
The spin form wab is not a SO(1, 3) tensor-valued form, whereas the curvature form Rab is a SO(1, 3)
tensor-valued two-form. More precisely, Rab is a rank-2 tensor in TM with respect to the Roman indices
and is a two-form in T ∗M (and also in T ∗M ), such as R ∈ V 2(TM)⊗Ω2. The Bianchi identities can be
expressed as
dwT
a = Ra◦ ∧ e◦ η◦◦, dwRab = 0.
A line element is represented as ds2 := gµ1µ2dx
µ1 ⊗ dxµ2 = η◦◦e◦ ⊗ e◦, which is invariant under both
GL(4) and SO(1, 3). Volume form v is also invariant under GL(4) and SO(1, 3), and it is expressed as
v =
1
4!
ǫ◦◦◦◦E◦µ1E◦µ2E◦µ3E◦µ4 dxµ1 ∧ dxµ2 ∧ dxµ3 ∧ dxµ4 =
√
−det[g] dx0 ∧ dx1 ∧ dx2 ∧ dx3,
where
√
−det[g] = det[E ].
Einstein–Hilbert gravitational Lagrangian L is expressed using the forms defined above as follows:
LΛ :=
1
κ
(R ∧S− Λcv) , (1)
1Differential forms are represented using Fraktur letters such as “A, a,B, b,C, c, · · · ”, and a pull-back with respect to a
map • is indicated as •♯ in this study.
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where R ∧S = R◦◦ ∧S◦◦/2 using a trivial basis, κ = 4πG (G is the Newtonian gravitational constant)
is the Einstein gravitational constant in our convention, and Λc is the cosmological constant. The light
velocity is set to unity as c = 1, whereas the other natural constants κ and ~ are explicitly expressed.
In this convention, the fundamental parameters are as follows: Planck length lp =
√
G~, Planck time
tp =
√
G~, and Planck massmp =
√
~/G. We note that L/~ has null physical dimension in our definition.
The Einstein equation and torsionless condition can be expressed as
1
2
ǫa◦◦◦R
◦◦ ∧ e◦ − ΛcVa = 0, Ta ∧ eb = 0,
where Va := ǫa◦◦◦e
◦ ∧ e◦ ∧ e◦/3! is a three-dimensional volume form. They are obtained as an Euler–
Lagrange equation by considering the variation with respect to the vierbein and spin forms. This method
is commonly known as the Palatini method[38, 39].
In a previous study[29], the current author introduced a co-Poincare´ symmetry into a space-time
manifold. While the Einstein–Hilbert gravitational Lagrangian does not have the standard Poincare´
symmetry[40], it has a co-Poincare´ symmetry. This is a symmetry in which a translation operator is
replaced by a co-translation(=contraction+translation) operator. Owing to a co-Poincare´ symmetry,
the Einstein–Hilbert gravitational Lagrangian is represented using the same shape as the Yang–Mills
Lagrangian, and thus, the fundamental forms of general relativity can be identified using an analogy to
the Yang–Mills theory.
A generator of the co-Poincare´ group is expressed as [TI ]
cd
ab =
(
Jab, P
cd
)
2, where Jab and P
ab are
generators of SO(1, 3) and co-translation, respectively. A generator of co-translation is defined using a
trivial basis as Pab := Paιb, where ιb is a contraction operator with respect to trivial basis ∂b. Co-Poincare´
connection AcP and curvature FcP are respectively expressed as
AcP := TI ×cP AIcP =
(
Jab, P
cd
)×cP (wab,Scd) ,
FcP := dAcP + AcP ∧ AcP,
where ×cP is a product operation with respect to the co-Poincare´ group. The Lie algebra of a co-Poincare´
group is expressed as
[Pab, Pcd] = 0,
[Jab, Pcd] = −ηacPbd + ηbcPad,
[Jab, Jcd] = −ηacJbd + ηbcJad − ηbdJac + ηadJbc,
and it is denoted as gcP.
The structure constants F of a co-Poincare´ group can be obtained from the above-mentioned Lie alge-
bra through the relation [TI , TJ ] := FKIJ TK [37]. Each component of F is obtained by direct calculation
using a trivial basis as

F111 = F211 = F212 = F221 = F122 = 0,[F112]efab;cd = − [F121]efcd;ab = ηacδebδfd − ηbcδeaδfd ,[F222]efab;cd = −ηacδebδfd + ηbcδeaδfd − ηbdδeaδfc + ηadδebδfc .
From the above-mentioned expressions of the structure constant, co-Poincare´ connection and curvature
forms are obtained as
AcP = J◦◦w
◦◦ + P ◦◦S◦◦ ∈ Ω1 ⊗ gcP, (2)
FcP = J◦◦R
◦◦ + P ◦◦dwS◦◦ ∈ Ω2 ⊗ gcP. (3)
The Einstein–Hilbert Lagrangian form has topological invariance under the general coordinate transfor-
mation and the co-Poincare´ transformation:
Remark 2.1. The Einstein–Hilbert Lagrangian without the cosmological constant is represented using
the curvature of the co-Poincare´ bundle (Theorem 4.2 in Ref.[29]) as
L :=
1
κ
R ∧S = − 1
κ
Tr [FcP ∧ FcP] . (4)
2Capital Roman letters indicate indices of a group, and the Einstein convention is also applied to them.
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It has a topological invariant as the second Chern class c2(FcP):
L =
8π2
κ
c2(FcP) ∈ R⊗H4(M,Z). (5)
Proof. The right-hand side of (4) is expressed using the structure constants as
Tr [FcP ∧ FcP] := 1
2
FKIJ FIcP ∧ FJcPTK .
From representation (3) and the Lie algebra of the co-Poincare´ symmetry, direct calculations using a
trivial basis yield
Tr [FcP ∧ FcP] = Tr
[
Rac ∧ dw
(
P ba Scb
)]
= dw
(
Tr
[
P ba
]
Rac ∧Scb
)
= −dw(P ◦◦ R ∧S) ,
where Bianchi identity dwR = 0 and co-translation invariance P (R) = 0 are used. For the last equality, we
note that Tr [Rac ∧Scb] = −δab (R∧S). The Einstein–Hilbert gravitational Lagrangian is co-translation-
invariant up to total derivative3; thus, P is removed from the last expression and it is embedded in a
five-dimensional line bundle of M5 := M ⊗ R, whose boundary is given as ∂M5 = Σ. Consequently,
−
∫
Σ
Tr [FcP ∧ FcP] =
∫
M5
dw (R ∧S) =
∫
M5
d (R ∧S) =
∫
∂M5=Σ
R ∧S.
A surface term is eliminated owing to a boundary condition. We note that
dw (R ∧S) = d (R ∧S) +w ∧R ∧S−R ∧S ∧w = d (R ∧S) ,
owing to the definition of a covariant derivative.
The second Chern class with respect to the co-Poincare´ curvature is obtained as
c2(FcP) :=
1
8π2
(
Tr [FcP]
2 − Tr [FcP ∧ FcP]
)
,
and it has a homology class as c2(FcP) ∈ H4(M,R) ⊂ ImH4(M,Z) owing to the Chern–Weil theory.
Because the co-Poincare´ curvature FcP is traceless, Remark 2.1 holds.
This result suggests that appropriate fundamental forms (phase space) of the symplectic geometry for
general relativity can be identified as (w,S). More precisely, we propose (4!)-pairs of phase space vari-
ables:
(w,S) ∼ ([w]a1a2µ1 , [S]b1b2;µ2µ3) ∼ ([w]
a1a2 , [S]b1b2)µ1µ2µ3 ,
where each pair of variables has (6+6)-degrees of freedom (DoF). We noted that not all of the 24 pairs
are independent of each other. This choice of the canonical pair of general relativity is equivalent to that
proposed by Kanatchikov[41] on the basis of the deDonder–Weyl Hamiltonian theory.
2.2 Hamiltonian formalism and Hamilton–Jacobi equation
Our choice of fundamental forms corresponds to real polarization in which half of the principal (co-
Poincare´) connection is chosen for a configuration variable. Further details are provided later in this
report. When spin form w is identified as the first fundamental variable (the general configuration
variable), the second canonical variable M (canonical momentum) is defined according to the standard
definition as
Mab :=
1
~
δL
δ (dwab)
=
1
κ~
Sab.
The Planck constant ~ is introduced to adjust the physical dimension. The surface form has physical
dimension (length)2; thus, S/(κ~) has null physical dimension, as in the case of w. Even though ~
appears in the equations, the classical theory is still treated in this section. A canonical momentum
3Remark 3.2 in ref[29]
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is identified as a surface form; thus, the fundamental forms are (w,S), which are consistent with the
principal bundle of the co-Poincare´ symmetry.
Through the Legendre transformation, a classical Hamiltonian form can be obtained from the La-
grangian form as
H =
1
2
M◦◦ ∧ dw◦◦ − 1
~
L = − 1
2κ~
w⋆◦ ∧w◦⋆ ∧S⋆⋆. (6)
As mentioned at the end of previous section, fundamental forms, w and S, are not independent each
other, and thus, the Hamiltonian system has constraints. A standard method to treat a constrained
system is to add constrained conditions with the Lagrangian multipliers to the Hamiltonian, and then,
fixing the Lagrangian multipliers using a canonical equations. The Hamiltonian (6) is given as that after
eliminating the Lagrange multipliers according to a standard method (see section 2 of Ref.[41]).
The Hamiltonian form has null physical dimension in our convention. We note that the Hamiltonian
form is not the local SO(1, 3) invariant because it consists of the spin form itself, which is not a Lorentz
tensor. This is natural because the gravitational field can be eliminated at any point in M owing to the
Einstein equivalence principle; thus, the gravitational energy depends on the local observer. For example,
the energy of a gravitational wave is well defined only on an asymptotically flat space-time manifold (see,
for example, section 11.2 of Ref.[42]).
The first canonical equation can be obtained as
δHG
δMab
= −ǫ◦◦◦◦ (ǫab◦⋆e⋆)−1 ∧ e◦ ∧w◦⋆ ∧w⋆◦ = dwab,
where δ • /δS = (δ • /δe)(δS/δe)−1 is used. Thus, we can obtain the first equation of motion as
−ǫa◦◦◦e◦ ∧w◦⋆ ∧w⋆◦ = ǫa◦◦◦e◦ ∧ dw◦◦. (7)
The second canonical equation can be obtained as
δHG
δwab
= −dMab, (8)
Here, (7) provides the equation of motion ǫa◦◦◦R
◦◦ ∧ e◦ = 0, which simply leads to the Einstein equation
without matter fields nor the cosmological constant, and (8) provides
dwSa◦ ∧ e◦ = 2T◦ ∧Sa◦ = 0,
Which leads to the torsionless condition, as expected.
The Poisson bracket is introduced in the covariant formalism as
{a, b}PB =
δa
δw◦◦
∧ δb
δS◦◦
− δb
δw◦◦
∧ δa
δS◦◦
, (9)
where a ∈ Ωp and b ∈ Ωq. The Poisson bracket can be recognized as a map:
{•, •}PB : Ωp ⊗ Ωq → Ωp+q−3 : (a, b) 7→ (9).
The Poisson brackets for the fundamental forms are obtained as
{wa1a2 ,wa3a4}PB = {Sb1b2 ,Sb3b4}PB = 0,
{wa1a2 ,Sb1b2}PB = δ[a1b1 δ
a2]
b2
,
where δ
[a1
b1
δ
a2]
b2
= δa1b1 δ
a2
b2
− δa2b1 δa1b2 . The Hamiltonian form can be understood as a generator of the total
derivative of a given form because the Poisson brackets of the fundamental forms and the Hamiltonian
form are expressed as
ǫa◦◦◦ {w◦◦,H}PB ∧ e◦ = −ǫa◦◦◦w◦⋆ ∧w⋆◦ ∧ e◦ = ǫa◦◦◦dw◦◦ ∧ e◦,
{Sab,H}PB = − (−ηb◦w◦◦ ∧S◦a) = dSab,
where the canonical equations of motion are used. These results are consistent with those presented in
Ref.[41].
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Lagrangian form L is a four-form object defined on four-dimensional manifoldM; thus, it is a closed
form, i.e. dL = 0. Three-form G, which satisfies L = dG, exists at least locally in simply connected
submanifold Σ ⊂ M owing to the Poincare´ lemma. Three-form G is referred to as the generating form
hereafter. The existence of the generating form in Σ is assumed here.
A general coordinate transformation is a smooth automorphism on Σ as Γ : Σ → Σ, where map Γ
is a canonical transformation because the Hamiltonian equations are invariant under Γ ∈ GL(1, 3). A
pull-back of generating form Γ♯G provides the same action integral as G does, i.e.∫
Σ
L =
∫
Σ
dG =
∫
Σ
d
(
Γ♯G
)
.
For the generating form, pull-back Γ♯G is equated to the original generating form and is denoted using
the same symbol as Γ♯G = G. The generating form is a functional of w and dw as well as Lagrangian
form L(w, dw).
Under these observations, the Hamilton–Jacobi equation of general relativity can be obtained as
follows: A canonical transformation of the Hamiltonian (6) is provided as
H˜ = H(w˜, S˜) =
1
2κ~
S˜◦◦ ∧ dw˜◦◦ − 1
~
L˜,
where •˜ := Γ♯•. The spin form is not a Lorentz tensor; thus, the Hamiltonian form and the first term
on the right-hand side of (6) depend on the local coordinate frame. However, the Lagrangian form is
invariant under canonical transformation L˜ = L; thus, the relationship
1
~
L =
1
~
dG =
1
2κ~
S◦◦ ∧ dw◦◦ − H(w,S) = 1
2κ~
S˜◦◦ ∧ dw˜◦◦ − H(w˜, S˜), (10)
is obtained. Therefore, we have the following formal expression:
δG
δwab
=
1
κ
Sab,
δG
δw˜ab
=
1
κ
S˜ab. (11)
From (10) and (11), the Hamilton–Jacobi equation for general relativity is given as
1
~
dG =
1
2~
δG
δw◦◦
∧ dw◦◦ − H
(
w, κ
δG
δw
)
=
1
~
dG− H
(
w, κ
δG
δw
)
,
=⇒ H
(
w, κ
δG
δw
)
= 0, (12)
where δG/δ(dw◦◦) ∧ d(dw◦◦) = 0 is used.
The Einstein equation without any matter or gauge fields is considered, and its classical solutions are
referred to as the “vacuum solution”, denoted by the suffix “vac”. In this case, the Lagrangian form itself
is zero, i.e. L(wvac, dwvac) = 0 because of the equation of motion. From (10), the Hamiltonian form can
be expressed as
H (wvac,S
vac) =
1
2κ~
Svac◦◦ ∧ dw◦◦vac. (13)
We note that the four-form item on the right-hand side of (13) is not a functional integration with
respect to the spin form but is a Riemannian integration. Two-form dwabvac does not mean a functional
integration measure but simply denotes an external derivative of the spin form. This four-form item can
be represented using a trivial basis in T ∗M as
Svac◦◦ ∧ dw◦◦vac = ǫ◦◦◦◦ E◦µ1E◦µ2
(
∂µ3ω
◦◦
µ4
)
dxµ1 ∧ dxµ2 ∧ dxµ3 ∧ dxµ4 ,
where suffix “vac” is omitted from vierbein Eaµ and spin connection ω abµ for simplicity. The Hamiltonian
form is four-form H ∈ Ω4, and four-forms in a four-dimensional manifold have only one base vector, i.e.
the volume form. Therefore, that Hamiltonian form is proportional to the volume form v, and it can
be written as H(wvac,S
vac) = Hvac(x)v/(κ~), where Hvac(x) is a dimensionless energy density function.
The total energy in compact orientable four-dimensional manifold Σ can be obtained as
Evac :=
1
κ~
∫
Σ
Hvac(x)v. (14)
Energy density function Hvac(x) is not a Lorentz scalar; thus, total energy Evac depends on a local
observer.
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3 Symplectic structure of general relativity
The symplectic geometry originated from studies of the Hamiltonian formalism of classical mechanics.
The Hamiltonian formalism of classical general relativity was introduced in the previous section. A
symplectic manifold is defined as follows:
Definition 3.1. (symplectic manifold)
In 2n-dimensional real manifold M , (l+2)-form W is considered, where l ∈ N is the total rank of phase-
space variables as differential forms in TM. When W is non-degenerate and satisfies dW = 0, pair
(M,W) is called a symplectic manifold, and W is called a symplectic form. If (l+1)-form s exists such
that W = ds, s is called a Liouville form.
Classical general relativity has a symplectic structure, which is stated as the following theorem:
Theorem 3.2. Classical general relativity has a symplectic structure with respect to the Liouville form
sGR :=
1
2κ~S◦◦ ∧ dw◦◦.
The first objective of this study is to prove Theorem 3.2.
3.1 Proof of Theorem 3.2
We consider form WGR := dsGR =
1
2dS◦◦ ∧ dw◦◦, where fundamental physical constants κ and ~ are
omitted in this section. To prove the theorem, we must show that (1) manifold M = MGR exists, (2)
form WGR is non-degenerate, and (3) form WGR is closed. Among these three statements, the third one
is trivial owing to its definition. The proofs of statements (1) and (2) are provided below.
3.1.1 Existence of MGR
A set of square-integrable real functions is introduced as a section in M , which is denoted as L2(M ).
This space of functions is considered as a Hilbert space, and it is denoted as H. Spin forms, obtained as
solutions to the Einstein equation, are assumed to be square-integrable; thus, the space of the coefficient
functions for the spin forms, denoted as “̟”, is a subset of the Hilbert space: ̟ ⊂ Hω ⊂ L2. Here,
a new operator is introduced as a mapping operator that transforms a rank-p tensor into a rank-(n−p)
tensor, which is defined such that
aa1···ap = aa1···an−p :=
1
p!
ǫa1···an−pb1···bpa
b1···bp , (15)
aa1···ap = a
a1···an−p := − 1
p!
ǫb1···bpa1···an−pab1···bp , (16)
where a ∈ Ωq ⊕ V p(TM) is an arbitrary q-form of a rank-p tensor and ǫa1···an = [ǫ]a1···an is a completely
antisymmetric tensor (the Levi-civita tensor) in an n-dimensional space, which has been already identified
for a four-dimensional space in Section 1. We note that the raising and lowering Roman indices (tensorial
indicies defined in M) is carried out using a metric tensor η in M. Here, this operator is referred to as
the bar-dual operator. It follows from the definition of the relationship a = a when a is antisymmetric
with respect to all the indices. For instance, surface- and volume-forms introduced in Section 1 can be
expressed using the bar-dual operator as
Sab = e• ∧ e• = 1
2!
ǫab◦◦e
◦ ∧ e◦,
Va = e• ∧ e• ∧ e• = 1
3!
ǫa◦◦◦e
◦ ∧ e◦ ∧ e◦,
v = e• ∧ e• ∧ e• ∧ e• = 1
4!
ǫ◦◦◦◦e
◦ ∧ e◦ ∧ e◦ ∧ e◦,
using (16). We note that the bar-dual operator is different from the Hodge-∗ operator. In contrast to
the Hodge-∗ operator, which transforms a p-form into an (n−p)-form, the bar-dual operator transforms a
rank-p tensor to a rank-(n−p) tensor while keeping the rank of a form; •¯ : Ωq⊕V p(TM)→ Ωq⊕V n−p(TM).
The bar-dual space of ̟ is denoted as ̟ hereafter. The Gel’fand triple with respect to the bar-dual
operator becomes ̟ ⊆ Hω ⊆ ̟. For spin form wab and its bar-dual form wab, their coefficient functions
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are expressed as ω abµ ∈ ̟ and 12ǫab◦◦ ω ◦◦µ ∈ ̟, respectively. The element of bar-dual space ̟ is a linear
combination of spin forms ωabµ ∈ ̟; thus, functional spaces ̟ and ̟ are isomorphic: ̟ ∼= ̟. Therefore,
the Hilbert space can be considered as Hω = ̟ because the Gel’fand triple is now ̟ ⊆ Hω ⊆ ̟.
Standard bilinear form 〈w|w〉 is defined as
〈w|w〉 := 1
2
w◦◦ ∧w◦◦ = 1
8
ǫ◦◦◦◦ ω
◦◦
µ1
ω ◦◦µ2 dx
µ1 ∧ dxµ2 .
The norm of spin form ‖w‖ can be defined using the bilinear form as
‖w‖2 :=
∫
Σ2
〈w|w〉 ∈ R,
where Σ2 is an appropriate two-dimensional sub-manifold Σ2 ⊂M. Further, dwab = dω abµ dxµ is a two-
form defined in T ∗M, and its coefficient function dω abµ = (∂◦ω abµ )e◦ ∈ Ω1(T ∗̟) is a one-form defined in
T ∗̟.
The surface form and its bar-dual form can be respectively expressed using a trivial basis in T ∗M as
Sab := Sab;µ1µ2 dx
µ1 ∧ dxµ2 ,
Sab = e
a ∧ eb := S abµ1µ2 dxµ1 ∧ dxµ2 ,
where
Sab;µ1µ2 =
1
2
ǫab◦◦ E◦µ1 E◦µ2 and S
ab
µ1µ2
= Eaµ1 Ebµ2 .
A space in component functions σ := {S} = {S} =: σ is square-integrable and forms Gel’fand triple
σ ⊆ HS ⊆ σ = σ; thus, HS = σ is maintained. The standard bilinear form is introduced to be the same
as that of the spin form:
〈S|S〉 := 1
2
S
◦◦ ⊗S◦◦ = 1
4
ǫ◦◦◦◦ E◦µ1 E◦µ2 E◦µ3 E◦µ4 dxµ1 ∧ dxµ2 ∧ dxµ3 ∧ dxµ4 = (3!)v.
The norm of surface form ‖S‖ can be defined as
‖S‖2 :=
∫
Σ4
〈S|S〉 = 3!
∫
Σ4
v ∈ R,
where Σ4 is an appropriate four-dimensional submanifold Σ4 ⊂M.
Vierbein Eaµ is a (4×4)-matrix for maintaining SO(1, 3)-symmetry; thus, it has a total of 4×4−6 = 10
DoF. The tensor coefficient of spin form ω abµ is antisymmetric with respect to the Roman indices, and it
has a total of 4 × (4 × 3)/2 = 24 DoF. In addition, the torsionless equations can be represented using a
trivial basis as (
∂µEaν + ω aµ ◦ E◦ν
)
dxµ ∧ dxν = 0,
which include 24 independent equations. Therefore, when all 10 independent components of the vierbein
are given, the spin connection can be uniquely fixed. Thus, the spin form has a total of 10 DoF, which
is the same as that of the vierbein. The surface form is also uniquely fixed from the vierbein form; thus,
it has a total of 10 DoF. The pairs of fundamental forms (w,S) have a total 20-dimensional functional
spaces, and not all of them are independent. Given that the vierbein form ea creates an orthogonal
base in T ∗M, the spin and surface forms can be expanded using the vierbein form (the surface form is
described by its definition). Therefore, once a solution of the Einstein equation is obtained by means of
the vierbein form, both the spin and the surface forms can be expressed using this vierbein; thus, ̟⊗ σ
is not empty.
Consequently, 20-dimensional base manifold MGR of symplectic manifold (MGR,WGR) is constructed
as a Hilbert manifold as follows: MGR := Hω ⊗HS = ̟ ⊗ σ. We note that any Hilbert space H can be
regarded as a manifold, i.e. a Hilbert manifold, with respect to the identity function of H. This Hilbert
space is called a prequantum Hilbert space in the context of geometrical quantization.
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3.1.2 Non-degeneracy of WGR
In four-dimensional manifold M4, WGR itself is identically zero because WGR is a five-form item; thus,
it exhibits an empty theory (subscript “4” is introduced to the four-dimensional manifold, i.e. M4,
to distinguish it from the five-dimensional one in this section). Non-empty theory is constructed by
embedding WGR in a line-bundle: M5 :=M4 ⊗ R.
The symplectic form embedded in five-dimensional manifold Σ5 ⊂M5 ∈ (M4 ⊗ R) is considered with
the boundary as ∂Σ5 := Σ4 ⊂ Σ5. Manifold Σ5 is assumed to have no boundary other than Σ4. Inclusion
map ϕρ : M4 →M5 maps non-singular (4×4)-matrix (rank-2 tensor) T4 to non-singular (5×5)-matrix
(rank-2 tensor) T5 as follows:
T5 := ϕρ (T4) =
[
T4 0
0t ρ
]
,
where ρ ∈ R is an arbitrary constant and 0 := (0, 0, 0, 0)t is a zero vector. Point ξ on Σ4 is transformed
into ϕρ[(ξ
0, ξ1, ξ2, ξ3)] = (ξ0, ξ1, ξ2, ξ3, ρ) on each chart. Manifold M5 is covered by ϕρ(M4) as M5 =⋂
ρ∈R ϕρ(M4), where ϕρ ∪ ϕρ′ = O/ if ρ 6= ρ′; thus, map ϕρ induces a foliation of M5, whose leaf is M4.
The derivative of ϕρ acts on T4 as
Dϕρ[T4] = (ϕρ[T4 + τ ]− ϕρ[T4]) τ−1 =
[
I4 0
0t 0
]
,
where τ is any non-singular (4× 4)-matrix and τ−1 is its inverse, and I4 is a (4× 4)-identity matrix.
Given that map Dϕρ maintains the rank of a matrix, map ϕρ is immersed; thus, Dϕρ is a map of the
tangent bundle as Dϕρ : TM4 → TM5.
The integral of form WGR in Σ5 is given as∫
Σ5
WGR =
1
2
∫
Σ5
dS◦◦ ∧ dw◦◦ = 1
2
∫
Σ5
d (S◦◦ ∧ dw◦◦) = 1
2
∫
∂Σ5=Σ4
ϕ♯ρ (S◦◦ ∧ dw◦◦) , (17)
where Storks’ theorem is used, and map ϕ maintains the relationship
(17) =
1
2
∫
Σ4
1
2
ǫ◦◦◦◦e
◦ ∧ e◦ ∧ dw◦◦ = SGR.
Therefore, the non-degeneracy of WGR in Σ5 is equivalent to that of sGR = S◦◦∧dw◦◦/2 in Σ4. Liouville
form sGR can be written using a trivial basis as
sGR =
1
4
ǫa1a2a3a4
(
∂b1ω
a1a2
b2
)
ea3 ∧ ea4 ∧ eb1 ∧ eb2 = 1
2
(
∂b1ω
a1a2
b2
)
δ[b1a1 δ
b2]
a2
v,
where ω bca := ω
bc
µ Eµa . On a curved manifold whose Riemannian curvature tensor has non-zero compo-
nents, ∂◦ω
◦◦
◦ 6= 0 is maintained. Whereas ∂◦ω ◦◦◦ can be zero at any point in completely flat M4, an
appropriate frame can be found in any M4, where ∂◦ω ◦◦◦ 6= 0 is given. This process is always possible
because the spin connection is not a Lorentz tensor in TM4; thus, it depends on the choice of a local
coordinate. In a completely flat Minkowski manifold, ∂◦ω
◦◦
◦ = 1 + sin θ + cos θ in polar coordinate
ds2 = dt2+dr2+r2 dθ2+r2 sin2θdφ2. Consequently, non-degenerateWGR always exists in MGR = ̟⊗σ.
In summary, classical general relativity has a symplectic structure with respect to the fundamental
forms of dw ab ∈ Ω2(TM) and dS ∈ Ω3(TM). These fundamental forms have a coordinate-free cotangent
representation of WGR = dS◦◦ ∧ dw◦◦/2 in foliation M5. The pair (MGR,WGR) is proven to be a
symplectic manifold.
4 Prequantization
Geometrical quantization of a symplectic manifold involves two steps[9, 43]. The first step is to determine
a polarization of a symplectic manifold and to construct Hilbert space H. The second step is to introduce
automorphism Aut(H, Hˆ), which is called a quantum operator and is not treated in this study. The first
step is referred to as prequantization. Quantum operators are not defined in a 2n-dimensional symplectic
manifold but are defined in an n-dimensional Legendre submanifold. The step that divides a phase
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space into half is called polarization. The Legendre submanifold and polarization are discussed in this
section. The energy eigenvalues depend on the topology of manifold M . For instance, when a Legendre
submanifold is a compact space, these operators have discrete eigenvalues. This topological aspect is
realized using a prequantization bundle, which is introduced at the end of this section.
4.1 Contact manifold
Symplectic form (MGR,WGR) provides a non-trivial structure of classical general relativity. Here, we show
that the Einstein–Hilbert gravitational Lagrangian can be recognized as a contact form in the context of
symplectic geometry.
Definition 4.1. (contact form and contact manifold)
When one-form sc in (2n+1)-dimensional manifold M⊗R does not vanish at any point of M and two-form
dsc on Ker[sc] is non-degenerate, form sc is called a contact form. Further, (M ⊗ R, sc) is called a contact
manifold.
On foliation M5 =
⋂
ρ∈R ϕρ(M4) defined in Section 3.1.2, an extended phase space (w,S,H) is intro-
duced. Scalar Hamiltonian function H(x) ∈ R is introduced in M4 as H = H(x)v, and it is added as the
third item of the phase space variable as Φ := (ω a1a2µ , Sb1b2;ν1ν2 , H).
Remark 4.2. (contact form for general relativity)
In a manifold M5 =M4 ⊗ R, four-form
sccGR :=
1
2
S◦◦ ∧ dw◦◦ − H = L ∈ Ω4(T ∗M5) (18)
is a contact form and (M4 ⊗ R, sccGR) is a contact manifold. Map Φc : Ω4(T ∗M5)→ Ω4(T ∗M5) : sGR 7→
sccGR is a canonical transformation.
Proof. The existence and non-degeneracy follow from those in WGR as presented in Section 3.1. Hamil-
tonian form H also exists, and it is non-degenerate owing to H ∈ ̟ ⊗ σ from its definition.
Map Φc : Ω
4(T ∗M5)→ Ω4(T ∗M5) : sGR 7→ sccGR does not change symplectic form WGR, i.e.
ΦcWGR = Φcd(sGR) = d(sccGR) = d (S◦◦ ∧ dw◦◦ − H) = dS◦◦ ∧ dw◦◦ = WGR,
where dH = d(Hv) = (∂ρH) dρ∧v = 0 because ∂ρH = 0. Therefore, map Φc is a canonical transformation.
4.2 Legendre submanifold
The Legendre submanifold (foliation) plays an important role in the geometrical quantization of a sym-
plectic manifold, and it is defined as follows:
Definition 4.3. (Legendre submanifold and foliation)
Suppose that (M ⊗R, sc) is a contact manifold. When manifold L is a submanifold of M with dimension
dim(L) = 12dim(M) yielding sc
∣∣
Lvac
= 0, L is called a Legendre submanifold.
If there exists a one-parameter family of Legendre manifolds L = {Lt|t ∈ R} that satisfies M =
⋃
t Lt
and Lt ∩ Ls = 0 for t 6= s, L is called a Legendre foliation of M.
Similarly, a Lagrangian submanifold and foliation are defined for symplectic manifold (M,W) accord-
ing to the conditions of dim(L) = dim(M)/2 and W
∣∣
L
= 0. A Legendre submanifold for general relativity
can be obtained using vacuum solutions of the Einstein equation as follows:
Remark 4.4. The space of vacuum solutions of the classical Einstein equation,
Lvac := {(wvac, evac) |ǫa◦◦◦Rvac◦◦ ∧ evac◦ = 0 = Tvaca} ,
provides a Legendre submanifold of contact manifold (M5, sccGR), where
Rvac
ab := Rab(dwvac,wvac), Tvac
a := Ta(evac,wvac).
The dimension of Lvac is given as dim(Lvac) = 10 = dim(MGR)/2.
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Proof. As mentioned in Section 2.2, the solution of the classical Einstein equation in vacuum makes the
Lagrangian form zero; thus, sccGR
∣∣
Lvac
= 0 is maintained owing to its definition 18.
A vacuum solution of the vierbein and spin forms can be obtained uniquely up to GL(4) symmetry
by solving the Einstein equation and a torsionless condition simultaneously; thus, forms e and w are
not independent of each other. When one of the elements is selected from Lvac, for instance evac, global
Riemannian manifold (M4
∣∣
Lvac
, gvac) can be fixed with a metric tensor [gvac]
µν
= ηa1a2
[E−1vac]µa1 [E−1vac]νa2 .
In addition, at any point in the Riemannian manifold, local Poincare´ manifold (M∣∣
Lvac
,η) is associated.
All vacuum solutions Evac ∈ Lvac are assumed to be one-to-one parameterized by real parameter space
P , which induces two bundles as ΠL : P → Lvac and ΠM : P → Mvac. A lift of Π−1L to Mvac yields
homomorphism Lvac ≃Mvac, where Mvac =M4
∣∣
Lvac
. The set of spin forms in Lagrangian submanifold
Mvac is recognized as real polarization, because dim(̟) = dim(σ) = 10. In conclusion, (Lvac, scvac) is a
Legendre submanifold of contact manifold (M5 =M4 ⊗ R, sccGR), where scvac := sccGR
∣∣
Lvac
.
For example, a manifold with Schwarzschild solutions of the vacuum equation, which is denoted as LSchw,
is a subset of Legendre submanifold Lvac ⊃ LSchw.
Example 4.5. Manifold M4
∣∣
Lvac
forms a Legendre foliation of M5 = M4 ⊗ [0,∞). The flat Lorentz
manifold consists of a zero section of M5.
The Schwarzschild solution can be uniquely parameterized using a single real number 0 ≤ m ∈ R,
where m is the total mass measured by an asymptotic observer. When parameter m is considered
as the fifth coordinate to immerse M4 into M5, all possible four-dimensional space-time manifolds
with Schwarzschild solutions are immersed by mapping ϕm introduced in Section 3.1.2. A Legendre
manifold restricted on the Schwarzschild solution with a fixed m is denoted as LSchw(m). This five-
dimensional manifold is expressed as M(m)5 := ϕmM4
∣∣
LSchw(m)
. Reciprocal map Πm := ϕ
−1
m yields
bundle Πm : M(m)5 → M4
∣∣
LSchw(m)
, and it induces foliation of M5 with respect to a line bundle with
m ∈ [0,∞). We note that a Schwarzschild solution with m = 0 yields a completely flat Lorentz manifold;
thus, the flat Lorentz manifold is a zero section of Πm.
4.3 Prequantization bundle
A prequantization bundle is defined as follows[44, 45]:
Definition 4.6. (Prequantization bundle)
Suppose that (M,W) is a symplectic manifold such that W is an integral form. Moreover, it is assumed
that M has a principal G-bundle with line bundle ΠG : P →M and structural group G. A connection of
the principal bundle is denoted as wG. When a symplectic form is given as W = dwG, (ΠG,FG) is called
a prequantization bundle, where FG is a curvature associated with connection wG.
Example 4.7. A U(1)-prequantization bundle
A simple example of a prequantization bundle with a principal U(1) group is given here. Suppose that
(M,W = ds) is a symplectic manifold with dim(M) = 2n. A principal U(1) bundle is complex-valued
line-bundle ΠU : C → M , and its connection wU is introduced in M . Liouville form s induces contact
form scU := Π
♯
U s and contact manifold (M ⊗ R, scU ). Contact form scU is a U(1) Lie-algebra-valued
form and is considered as a differential one-form in T ∗M owing to homomorphism R ≃ u(1), which is
induced by t 7→ 2πit. When the curvature of the U(1) bundle is given using a contact form such that
dwU = scU and FU := 2πidwU , the cohomology of scU has an integer-valued characteristic class owing
to the Chern–Weil theory. More precisely, [scU ]dR ∈ H2(M
∣∣
L
,R) ⊂ ImH2(M ∣∣
L
,Z) is obtained, where L
is a Legendre submanifold. For instance, the first Chern class is given as Tr[scU ] = c1(FU ). Therefore,
symplectic manifold W is an integral form; thus, (ΠU ,FU ) is a prequantization bundle.
Moreover, a symplectic manifold induces a Hamiltonian system in general, and solutions of canonical
equations associated with the Hamiltonian system induce Legendre submanifold L as an n-dimensional
hypersurface in 2n-dimensional manifold M . Therefore, solutions of canonical equations may have topo-
logical invariance, e.g. a magnetic monopole in Dirac quantization[46] (see also Refs.[31, 43]).
From the example presented above, a prequantization bundle is introduced in general relativity as
follows: Legendre submanifold (Lvac ≃ M5,WGR = dsccGR) and co-Poincare´ principal bundle in M5
are considered. The principal bundle has connection AcP and curvature FcP as shown in (2) and (3),
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respectively. These forms are introduced in M4, and they are then immersed in M5, as discussed in
Section 3.1.2. Projection map
Π4 : {Θ} → {M4} : Θ = {w,S} 7→ M4
is introduced, where {Θ} is a set of all possible Θ = {w,S}, and {M4} is a set of four-dimensional
manifolds with SO(1, 3)-symmetry. This bundle induces a bundle on a base manifold of M5 such that
Π5 := ϕρ ◦Π4 : R⊗ {Θ} → {M5} ,
where {M5} is a set of all possible manifolds introduced in Section 3.1.2. Map Π5(Θ|Lvac) = M5
∣∣
Lvac
induces homomorphism Lvac≃M5. Contact form sccGR is proven to be divisible modulo R/Z owing to
Remark 2.1: ∫
M4
ϕ♯ρsccGR = 8π
2
∫
M5
c2(FcP), (19)
with
c2(FcP) ∈ H4(M4
∣∣
Lvac
⊗R,R) ⊂ ImH4(M4
∣∣
Lvac
⊗R,Z).
Consequently, the following remark is proven according to the discussion presented above:
Remark 4.8. A prequantization bundle of general relativity in vacuum is given by
(
M5
∣∣
Lvac
, scvac
)
.
A Hilbert space for Lvac was presented in Section 3.1.1; thus, prequantization is completed.
5 EBK quantization
The last step of geometrical quantization is to construct Hermitian operators on a space C∞(M), which is
not considered in this study. Instead, an EBK quantization condition is introduced using a prequantiza-
tion bundle. EBK quantization is an extension of Bohr–Sommerfeld quantization, and it provides energy
spectra of bounded systems even for a non-variable-separation type of problem. EBK quantization is
applied to a Schwarzschild black hole in this section. The fundamental physical constants (G and ~) are
explicitly written again hereafter.
5.1 The KMA index in general relativity
First, a simple example of EBK quantization for a system of N classical particles with Hamiltonian
H(qi, pi), (i = 1, · · · , N), is considered. The Hamiltonian is assumed to be completely integrable. In the
case of separation of variables, according to Bohr–Sommerfeld quantization, the Maupertuis action of the
symplectic manifold
(
R2N ,W=dsi=d(pi ∧ dqi)
)
is expressed as
SBSk =
1
2π~
∮
Γk
sk = nk, k = 1, · · · , N, (20)
where 0 ≤ nk ∈ Z is the quantum number of the kth variable. Contour integrations are separately
performed along classical closed orbit Γk of the kth particle. When the phase space variables are not
separable, no particle makes a closed orbit; thus, integration (20) of each particle is impossible. For such
a case, Einstein and Brillouin extended the quantization condition (see, for example, Ref.[11]) such that
SEBk =
1
2π~
∮
Γk
N∑
i=1
si = nk, k = 1, · · · , N. (21)
Contour integrations are performed along all homotopy-independent closed circles on Lagrangian or
Legendre submanifold L. The contour is also denoted as Γk, and it is not necessarily a classical closed
orbit. The Bohr–Sommerfeld and Einstein–Brillouin quantization conditions can yield a line spectrum
of a hydrogen atom. However, they cannot reproduce an energy spectrum itself for a harmonic oscillator
because it has zero-point energy, which is not included in the quantization conditions.
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In 1958, Keller improved[5, 6] upon this aspect by considering the multivaluedness of a wave function
and introduced an additional term to a quantization condition as follows:
SEBKk =
1
2π~
∮
Γk
N∑
i=1
si = nk +
µk
4
, k = 1, · · · , N, (22)
where 0 ≤ µi ∈ Z is an index of the kth variable fixed because of the boundary conditions. This index was
first introduced by Keller and then refined by Maslov[7, 14] and Arnol’d[8]. Therefore, index µk is referred
to as the Keller–Maslov–Arnol’d (KMA) index in this study. In the case of separation of variables, the
KMA index can be obtained as µk = tk+2rk, where tk is the number of classical turning points and rk is
the number of reflections with an infinite potential along the trajectory of the kth particle. Later, Maslov
and Arnol’d clarified that the index can be recognized as a topological invariant of a double covering space
on a Lagrangian submanifold. The double covering space is introduced to map a dual-valued function on
a Lagrangian submanifold to a single-valued one.
For example, for a harmonic oscillator, momentum p(q) as a function of position q is dual-valued as
p(q) = ±
√
E2 − q2 when the system has total energy E. The trajectory of a particle has two classical
turning points; thus, the KMA index is µ = t = 2. Consequently, the energy spectrum has a correct
zero-point energy. Meanwhile, the double covering space of a Lagrangian submanifold for this system
is T 2 = S1 ⊗ S1, which is a simple example of the Arnol’d–Liouville theorem[47]. The KMA index
of Lagrangian submanifold L is defined as µ := H1(L,Z)[8]; thus, for a harmonic oscillator, it can be
obtained as µ = H1
(
T 2,Z
)
= 2. This result is consistent with that of Keller’s original definition[11].
The relation between the KMA index and the Chern–Weil theory is discussed in Refs.[48, 49, 50]. The
KMA index is defined in the Chern–Weil theory as follows: Given bundle pair (E,L) → Σ, where E is
a symplectic vector bundle over Σ and L is a Lagrangian subbundle over ∂Σ, the KMA index is defined
such that (Definition 2.8 in Ref.[51])
µCW(E,L) :=
i
π
∫
Σ
Tr[Fw] = 2
∫
Σ
c1(Fw), (23)
where Fw is a curvature with respect to connection w on E, which restricts the boundary of Σ to an
L-orthogonal unitary connection. It is proven that the KMA index defined by (23) is equivalent to the
standard KMA definition (Theorem 3.1 in Ref.[51]). In analogy with the definition 23, the KMA index
for general relativity is defined as follows:
Definition 5.1. (KMA index for general relativity)
The KMA index for general relativity is defined on prequantization bundle
(
M5
∣∣
Lvac
, scvac
)
such that
µGR :=
νGR
~
∫
Lvac
ϕ♯ρscvac = νGR
8π2
~κ
∫
M5|Lvac
c2
(
FcP
∣∣
Lvac
)
, (24)
where νGR is an unknown factor corresponding to 1/4 in (22).
The Planck constant ~ is used to make the KMA index have null physical dimension. The exact value of
νGR can be clarified only after the exact quantum general relativity is established
5.2 EBK quantization of the Schwarzschild black hole
We propose an EBK quantization condition of symplectic manifold (M,W= ds) with prequantization
bundle (Π, sc) as follows:
Physical statement 5.2. (EBK quantization)
When the Maupertuis action of symplectic manifold (M,W=ds) has prequantization bundle (Π, sc) and
an integral multiple
SEBK =
1
~
∫
L
s = n, (25)
the symplectic manifold is EBK-quantized, where L is a Legendre submanifold of M with respect to a
given Hamiltonian form and 0 ≤ n ∈ Z is called the quantum number.
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We note that a Hamiltonian (and thus symplectic and contact forms) has null physical dimension in
this study. Hereafter, pull-back mapping is omitted in the expressions for simplicity. Immersion of M4
into M5 is performed as defined in Section 3.1.2. The KMA index is not explicitly introduced in the
definition; it naturally appears through the prequantization bundle.
When physical statement 5.2 is applied to the vacuum solutions of the Einstein equation, the
following quantization condition can be obtained:
Physical statement 5.3. (vacuum solution)
The Maupertuis action for a vacuum solution of the Einstein equation can be expressed as
1
~
∫
Lvac
svac =
∫
Lvac
(
1
~
scvac + H
)
= n. (26)
Integration of the vacuum contact form yields the second Chern class; thus, a quantization condition can
be obtained as
Evac = n+
µGR
νGR
, (27)
where the KMA index appears through Definition 5.1.
Here, vacuum energy Evac has null physical dimension. The KMA index of general relativity µGR can be
evaluated using the cohomology of a Lagrangian submanifold. Ambiguity still exists in choosing a value
of νGR. We note that (18) must be sc =
1
2κ~S◦◦ ∧ dw◦◦ −H after introducing the fundamental constants
back into the expression. The KMA index appears as the second Chern class of the contact form.
The Schwarzschild solution of the classical Einstein equation is given with an asymptotically flat polar
coordinate xa = (t, r, θ, φ) as follows:
ea =
(
f dt, f−1 dr, r dθ, r sin θ dφ
)
, (28)
and
wab =


0 −GmS/r2 dt 0 0
0 f dθ f sin θ dφ
0 cos θ dφ
0

 , (29)
where f2(r) = 1 − 2mSG/r and mS is the mass of the black hole measured by an asymptotic observer.
The classical Hamiltonian can be obtained as
HSchw = − 1
2κ~
w◦⋆ ∧w⋆◦ ∧S◦◦ = −
1
κ~
sin θ dt ∧ dr ∧ dθ ∧ dφ. (30)
We note that the Hamiltonian form of a Schwarzschild solution does not include the black-hole mass as
expressed in (30); thus, the assumption ∂H/∂mS = 0 is also true in this case. The total energy in a
sphere with radius R can be obtained by integrating (30) as
ESchw(R) :=
∫ tp ∫ R ∫ S2
HSchw = −R
lp
. (31)
The energy density per unit surface area of the sphere is expressed as
ESchw(R) :=
ESchw
4π(R/lp)2
= − 1
4π
1
(R/lp)
;
thus, the energy density at the event horizon of a black hole measured by an asymptotic observer can be
obtained as
mp
∣∣∣ESchw(R = 2mSG)∣∣∣ = ~
8πGmS
.
We note that the energy density of space-time in a given region is a coordinate-dependent observable.
The energy density given here is the value measured by the asymptotic observer. This energy density is
none other than the Hawking temperature[52].
15
Evac → Lvac → S
∣∣
Lvac≃ ց ≃
M4
∣∣
Lvac
w
∣∣
Lvac
Table 1: Homomorphism network of vacuum solutions of the Einstein equation in vacuum.
Quantization condition (27) is applied to the energy of a black hole, (31), as
|ESchw(R = 2mSG)| = 2mS
mp
= n+
µGR
νGR
,
Consequently, the mass spectrum of a Schwarzschild black hole can be obtained as
mS =
mp
2
[
n+
µGR
νGR
]
. (32)
Integer index µGR can be obtained in ImH
4(M5,Z) according to the topology of a four-dimensional
Schwarzschild black hole immersed in five-dimensional space. We note that the Schwarzschild solution
is a single-valued function; thus, it does not require a covering space. A simple vacuum solution of the
Schwartzschild black hole at the center of the universe is considered here. Five-dimensional manifold
M5 = R⊗M4 is a Legendre foliation introduced in Remark 4.3. Given that a Schwarzschild solution
has a singularity at the three-dimensional center of a black hole, this point must be removed from
the integration region. In addition, a periodic condition is required in the time coordinate in (28)
because the Schwarzschild solution is static. Therefore, the integration manifold is homeomorphic as
M5 = R ⊗ T 1 ⊗ (R3 \ {0}). The origin of the fifth coordinate indicates a flat Minkowski space; thus,
no singularity exists. The fifth coordinate mS = [0,∞) is deformation-retractable to a point when the
one-point compactification is applied by adding mS =∞; hence, the cohomology becomes H4(M5,Z) ∼=
H4(T 1 ⊗ (R3 \ {0}),Z). Given that the upper bound of an r-integration is R (black-hole radius), the
topology of the integration region in a spatial three-dimensional manifold contains R3\{0} ∼= S2⊗[R0, R],
where 0 < R0 < R. Therefore, cohomology H
4(T 1 ⊗ S2 ⊗ [R0, R],Z) ∼= H0(T 1 ⊗ S2 ⊗ [R0, R],Z) = 1 is
obtained because T 1 ⊗ S2 ⊗ [R0, R] is a connected and compact manifold.
In conclusion, the mass spectrum of the Schwarzschild black hole is fixed as
mS =
mp
2
(
n+
1
νGR
)
, n = 0, 1, 2, · · · , (33)
up to an ambiguity of νGR.
6 Summary and discussion
A symplectic manifold of general relativity for a pure gravitational case was presented as Theorem
3.2. Fundamental forms of the symplectic manifold were obtained from the principal bundle with co-
Poincare` symmetry as a structural group. Further, according to the standard procedure of geometrical
quantization, a prequantization bundle of general relativity was constructed. The key to quantization
is that the contact form should have a topological class (second Chern class), which was proved by the
current author as Theorem 4.2 in Ref.[29]. On the basis of the symplectic manifold of general relativity,
EBK quantization was constructed with the second Chern class as the KMA index.
When the vierbein form was given as a vacuum solution of the Einstein equation, the surface and spin
forms were uniquely determined under a torsionless condition. Simultaneously, a Riemannian geometrical
structure of manifold M4 was completely fixed by a metric tensor given by the vierbein form. These
mappings induced homomorphisms as shown in Table 1. Therefore, the KMA index of the topological
invariance can provide a constraint on the structure of the space-time manifold itself. By contrast, e.g.
the standard EBK quantization of a system of mass points provides a constraint on the phase space,
which consists of the position and momentum of particles.
As an application of EBK quantization to general relativity, we discussed the mass spectrum of a
Schwarzschild black hole. In general, a connection bundle is called a “flat bundle” when it provides
zero curvature at any point in a manifold. When its Riemannian curvature is also zero, it is referred
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to as a “trivial flat bundle”. A globally flat Lorentz manifold is an example of a trivial flat bundle,
and its characteristic classes are trivial. We introduced a flat bundle in general relativity as a bundle
with zero Ricci curvature at any point in a manifold. When the flat Lorentz manifold was immersed in
M5 = M4 (LSchw) ⊗ R as a zero section of the Schwarzschild foliation such as that in Remark 4.5, it
was able to contain a non-trivial characteristic class and showed a rich structure. In reality, the vacuum
solutions of the Einstein equation include a complicated structure, such as black hole solutions. The
investigation of the gravitational vacua of classical general relativity was reduced to a mathematical
investigation of a flat bundle in a space-time manifold.
Quantization of a black hole has a long history. First, Bekenstein discussed the mass spectrum of
a Kerr black hole as an analogy of a charged particle with spin[53]. Louko and Winters-Hilt extended
the discussion to Reissner–Nordstro¨m–anti-de Sitter black holes using Hamiltonian thermodynamics[54].
An area spectrum of black holes has also been discussed on the basis of a quantum area operator by
many authors[55, 56, 57, 58, 59]. Other approaches from string theory[60] and loop quantum gravity[61]
have also been investigated. An independent result of a black-hole mass spectrum based on EBK-
quantized general relativity was given in the present study. The mass spectra obtained in previous
studies[53, 58, 57, 62] are apparently different from those of our result. While the mass spectrum of
black holes was obtained as a consequence of an area spectrum (including effects from charge and angular
momentum) in previous studies, the spectrum condition was set on the mass square rather than the mass
itself. For example, the mass spectrum of the Schwarzschild black hole was given as
m˜2s =
m2p
2
[n+ µ˜] ,
where µ˜ = 0 was proposed by Bekenstein[53, 62] andMedbed[59], and µ˜ = 1/2 was proposed by Barvinsky,
Das, Kunstatter[57] and Gour, Medved[58]. In contrast to previous results, EBK quantization gave a
constraint on the black-hole mass itself. Our result is rather natural when considering a process in which
two black holes merge into one. Suppose that black holes BH1 and BH2, whose masses are m1 and
m2, respectively, merge into black hole BH3 whose mass is m3. The merging process must satisfy the
energy conservation law as m3 = m1 + m2. Furthermore, each mass is represented as m
2
i = m
2
pni/2
under a constraint on the mass square; thus, the relation
√
n3 =
√
n1 +
√
n2 is obtained. Here, µ˜ is set
to zero for simplicity. Therefore, black-hole merging can occur only in the case of two black holes whose
masses satisfy the relation
√
n1n2 ∈ N. Meanwhile, a mass constraint obtained from EBK quantization
does not induce such a limitation. In contrast, only an isolated black hole is considered in this study. A
superposition of two Schwarzschild black holes at different spatial points is not a solution of the Einstein
equation owing to its non-linearity. The mass spectra discussed here correspond to those of an asymptotic
field without any interactions (except self-interactions) in the quantum field theory. We note that the
discussion about the phenomena of a two black-hole merger must be carefully studied before the quantum
correction for a highly non-linear gravitational field can be clarified.
The cosmological constant Λc cannot appear in a topological Lagrangian because the volume form
is not co-Poincare´ invariant[29] at a classical level. An effective cosmological constant may appear at a
quantum level as a vacuum fluctuation. This possibility was discussed by the current author in Ref.[63].
EBK quantization (as well as Bohr–Sommerfeld quantization) is an approximation method for choos-
ing quantum-mechanically possible solutions from among the classical ones. For example, for a hydrogen
atom, classical electrodynamics provides a continuous energy spectrum as a solution of a non-relativistic
Newtonian equation of motion for an electron in a classical Coulomb electric field. The Bohr–Sommerfeld
quantization condition specifies quantum-mechanically possible orbits from the classical ones and suc-
ceeds in explaining the discrete spectrum of a hydrogen atom. The same results can be obtained as an
interaction between the classical fermion and electromagnetic fields. We note that spinor representation
is one of the representations of a SO(1, 3) group; thus, the spin of a particle is a classical object and
does not require quantization. The energy spectrum obtained using the Bohr–Sommerfeld quantization
condition remains a classical solution, and the real quantum effect was initially observed as the Lamb
shift[64]. A systematic method to calculate the quantum corrections in an electromagnetic interaction
was established as quantum electrodynamics, which is now a paragon of field quantization. We must
develop a method for calculating the true quantum effects beyond the EBK approximation. For instance,
the mass spectrum of the Schwarzschild black hole obtained using EBK quantization has an ambiguous
parameter νGR, whose true value can be clarified only after quantum gravity is established.
Before we attempt to establish a sophisticated quantum gravity such as the quantum field theory, we
can learn from the history of the old quantum mechanics. Although EBK quantization cannot provide
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any quantum equation or quantum state vector, they can be discussed using geometrical quantization.
Quantum corrections for the classical solutions can be calculated using the Wentzel–Kramers–Brillouin
(WKB) method. The WKB method for general relativity beyond vacuum solutions was discussed by
the current author in Ref.[65]. The final objective is to establish a calculable method for measurable
quantities of the quantum effects on gravity. A possible next step for constructing a quantum general
relativity was discussed by the current author in Ref.[66].
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